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Table 1 Estimation error and loss function

Matrix method New method

Case err(Aopt), rad L(Aopt) Serr(Aest), rad L(Aest)
1 1.23x10-6 1.81 1.23x10-6 1.81
2 1.79%10-6 1.15 1.79x10-6 1.15
3 1.25x10-2 1.86 1.24%x10-2 1.86
4 1.81x10-2 1.18 1.80x10-2 1.18
5 1.21 x 102 0.07 1‘.21><10_2 0.07
6 3.10x 103 2.19 3.10x10-5 2.19
7 3.94%x10-5 1.70 3.94%x10-5 1.70
8§ 0.235 2.26 0.192 2.42
9 0.105 1.78 0.205 1.86

10 2.17x10-2 2.13 2.11x10-2 2.13
11 4.22x10-2 0.13 4.21x10-2 0.13
12 2.74%x10-2 2.34 2.84x10-2 2.34

measurements, and a smaller error in the other case. The esti-
mation errors of the two methods are the same in cases with
n; =0, but the new method gives a more accurately orthogonal
attitude matrix. It is very nice that no significant loss of accu-
racy results from omitting the optimization of X; since this
optimization can be time consuming and very sensitive to nu-
merical inaccuracies.b

The computational speed of the new method was also com-
pared with FOAM and with QUEST,* which are the fastest
known methods for minimizing Wahba’s loss function. The
measured CPU times were computed for sets of 2 to 12 obser-
vations similar to those given by Eq. (28). They consist of a
part that is independent of the number of observations and a
part proportional to the number of observations

thew = 0.28 + 0.07n msec (31
troam = 0.26 + 0.07n msec for 6; = 10~®rad 32)
FOAM = 0.32 + 0.07n msec for o; = 0.01 rad (33)
touest = 0.24 + 0.097 msec for o; = 10~ ®rad 34)
tquest = 0.30 + 0.09n msec for o; = 0.01 rad (35)

The rn-dependent time is the time required to normalize the
input vectors and form the B matrix. The n-independent time
is the time required to perform all other computations, includ-
ing computation of the attitude error angle covariance ma-
trix.* The time required for the iterative optimization of A in
FOAM or QUEST is seen to depend on the level of measure-
ment errors. The new method, on the other hand, is executed
in a fixed amount of time, since a fixed number of mathemat-
ical operations is performed. The absolute execution times are
not of great significance; only the relative times are interesting.
In any case, the time required for any of the three methods
appears to be quite modest in comparison with other computa-
tions performed in spacecraft attitude determination.

Conclusions

A new quaternion estimation algorithm that finds an ap-
proximate minimum of Wahba’s loss function has been shown
to provide attitude estimates as accurate as the optimal esti-
mates. The new algorithm is also as computationally efficient
and robust as existing algorithms in the test cases examined.
The attitude matrix and the quaternion are inherently non-
singular, and any potential problems with special cases like
180-deg rotations are avoided by using Shepperd’s algorithm
to extract the quaternion from the attitude matrix. A signifi-
cant advantage of the new method for onboard applications
is that it involves no iterative processes that require an un-
certain amount of execution time and present the possibility
of divergence.
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Rendezvous Guidance with
Proportional Navigation
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I. Introduction

ROPORTIONAL navigation has been widely used as the

guidance scheme in the homing phase of flight for most
missile systems:'~'* Under these guidance schemes, the compo-
nent of relative velocity in the direction normal to the line-of-
sight (LOS) between an interceptor and its target is always
driven to zero during intercept course, and the component of
relative velocity along the LOS is not required to approach
zero for effective intercept of target. However, for the ren-
dezvous problem of two space vehicles, the relative velocity
must be driven to zero when the two vehicles meet. For this
reason the commanded acceleration of the active vehicle must
be applied in both the direction hormal to LOS and the direc-
tion along LOS simultaneously to reduce the relative velocity
to zero as the two vehicles approach each other. Besides ren-
dezvous guidance laws studied before,'*1® a new rendezvous
guidance scheme for use on the terminal phase in an approach
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to a space station or satellite is presented in this Note. Under
this algorithm, the commanded acceleration is applied in the
direction with a bias angle to the normal direction of LOS in
general, and its magnitude is programmed by the modified
proportional navigation guidance law.? Then the solutions of
this rendezvous path can be easily obtained as a function of
range-to-go or line-of-sight angle under this guidance scheme.
The corresponding energy expenditure in exoatmospheric ren-
dezvous, which is related to propellant mass required, is also
derived.

II. Analysis

For the case of planar rendezvous guidance, an active space-
craft maneuvers with thrust controlled in both amplitude and
direction and tries to rendezvous a passive nonmaneuvering
target (for example, a space station or satellite) in exoatmo-
spheric flight. Here a polar coordinate with its center at the
target point is defined, and the effect of gravity difference is
neglected on the terminal phase of rendezvous. Then the equa-
tions of relative motion are

ré+2ib=a, (1a)
F—ré*=a, (1b)

where r is the range-to-go between spacecraft and target, 0 is
the angle between LOS and inertial reference line, and ay, a,
are two components of the total commanded accelerations a.
in both the direction normal to LOS and the direction along
LOS, respectively, as depicted in Fig. 1. Now a; is pro-
grammed with the modified proportional navigation,? and a,
is regulated proportional to the centripetal acceleration rf?2
first, which can be also transformed to be the same as that of
the modified proportional navigation later, i.e.,

ag = )\9" 0 (2a)
a, = \ré? (2b)
where Ay, A, are constants and dependent to each other under

the constraint for rendezvous. From Eq. (1a), the solution of
0 can be obtained as a function of r

0 = bo(r/roys -2 ©)

where 8y, ro are the initial conditions of § and r, respectively.
Substituting the result of Eq. (3) into Eq. (1b) and integrating
with respect to r, then the solution of 7 can be derived as

NA1 o\ D NA+1
w2 D 202 o +~2_ T 242 4
r )\o_lro °<ro> ro )\0_1’000 @

where 7y is the initial rate of range-to-go. For effective ren-
dezvous, the final relative velocity must reach zero when
range-to-go goes to zero. Thus the constraint between A, and
)\9 is

AN=M0N-1DA4%2-1 (5)
with A = iy/rofl. A positive A, is acquired when (A\y — 1)A42 >1
and a negative \, is required with (A; — 1)42< 1. Under this
guidance algorithm, we then have

i=i‘0(r/r0)x9" (6)

passive target

- reference line
a.
e s\
. €. —
active spacecraft r e,
/\/\
[ B

Fig. 1 Planar rendezvous geometry.

We have seen that Ay must be chosen to be greater than one
and the initial range-to-go rate must be negative. Also, the
constraint between A\¢ and A, as depicted in Eq. (5) must be
satisfied. During the course of the rendezvous, the variation
of the relative velocity in both components is similar as a
function of r with exponential order A\, — 1, so the angle
¢(=tan ! r@/r) between LOS and the relative velocity vector
maintains unchanged. And the variation of LOS angle ¢ can
be derived as
;

0—oo=§ Sar=Lal (7a)
ro T A r
or

r = ryed@- (7b)

Thus the relative rendezvous trajectory is a form of spiral
function (logarithmic). And the total time of flight until ren-
dezvous can also be derived as

T=SO ﬂ=_L
PN — 2y

o

if Ap<2 (8a)

= if N = 2 (8b)

Therefore, for effective rendezvous in finite time, 1<As<2
must be satisfied.

Furthermore, the total commanded acceleration is always
applied in a fixed direction with a bias angle § relative to the
direction normal to LOS during the course of the rendezvous,
and its magnitude is proportional to /8 (or r8?), i.e.,

P 1+A42
a, =N =.]0—1D¥(1 +A4Y) + 1 i " (9a)

g (Np-DA2-1
tanB—ao— W

It shows that the commanded acceleration approaches zero
when N\y;>3/2 and approaches infinity when A\;<3/2 during
the course of the rendezvous. Here the bias angle 3 required
for the commanded acceleration vector is simply a function of
the selected proportional navigation constant Ay (or A) and the
initial condition A4, as depicted in Fig. 2. It approaches the
opposite direction of relative velocity when N\, goes to infinity
and approaches the direction normal to relative velocity when
g goes to one. Here Ay can also be expressed as a function of
the total effective proportional navigation constant A

/xz —(1+1/4%) .
SN A G 0 ‘ 10
N 1742 ' (19

where A must be selected greater than V1 + 1/42,

(9b)

é+8

] A

1 3
Ag
Fig. 2 ¢+ B vs Mg for different initial conditions.
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Fig. 3 Energy cost for different initial conditions.

Also, the total energy expenditure required for rendezvous
is

T
AV=S ,ac|dt=V()

1+ ——— (11)
0 A2

A -

1+A42

where v, (= VF2+ rif?) is the magnitude of initial relative
velocity. The AV required for exoatmospheric rendezvous is
proportional to and always greater than the initial relative
velocity. For a smaller value of | A | or A, alarger energy cost
is required, as depicted in Fig. 3.

III. Conclusion

In this rendezvous guidance, the magnitude of the com-
manded acceleration is programmed similarly to that of mod-
ified true proportional navigation, but it is applied with a bias
angle to the direction normal to LOS in general. Under this
guidance scheme, the closed-form solution of the relative mo-
tion described in a polar coordinate can be simply obtained as
a function of range-to-go or LOS angle. The relative ren-
dezvous path is a form of spiral function, which means that
the direction of the relative velocity is unchanged relative to
the LOS, and the total commanded acceleration is always
applied in a fixed direction related to the relative velocity
during the course of the rendezvous. Also, the energy expendi-
ture required is proportional to and greater than the initial
magnitude of relative velocity.
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Elastoplastic Analysis and Cumulative
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Introduction

HE coilable lattice boom (CLB) shown in Fig. 1a is used
to deploy a solar sail. Figure 1b shows the sail stowed
against the deck of the satellite and held by six launch restraint
rods. One end of each launch restraint rod is attached to the
spider block and the other end to the hold down assembly.
Figure 1c shows the pop-out spring, housed inside the spider
block. The CLB is stowed inside a canister with a preloaded
‘tip plate. A lanyard made of thin beryllium-copper strip is
wound on a motor-driven pulley with one end attached to the
tip plate. The rate of deployment of the CLB is controlled by
the lanyard. In the stowed configuration the lanyard is slack.
When the tie rod is cut by a pyrocutter, the whole system jumps
freely through 0.02 m and then the lanyard becomes taut.
The CLB has a large strain energy stored due to the coiling
of elements. The spider block with pop-out spring, the launch
restraint rods, and the tip plate possess large strain energy. This
energy is absorbed by the lanyard after the system is released.
This Note addresses the formulation of equations of motion
for this system to assess the deformation and the load acting
on the lanyard. An elastoplastic analysis is necessary as the
lanyard is yielding after first release. The system will be
stowed back and released for different test configurations
before launch. The lanyard undergoes a permanent defor-
mation after each release. Hence, the cumulative damage at
the end of each release is calculated. Furthermore, the number
of cycles the lanyard would withstand before failure is as-
sessed to ensure that the lanyard is intact during the on-orbit
deployment.
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